Abstract-While tomographic imaging of cardiac structure and kinetics has improved substantially, electrophysiological mapping of the heart is still restricted to the surface with little or no depth information beneath. The progress in reconstructing 3-D action potential from surface voltage data has been hindered by the intrinsic ill-posedness of the problem and the lack of a unique solution in the absence of prior assumptions. In this work, we propose a novel adaption of the total-variation (TV) prior to exploit the unique spatial property of transmural action potential of being piecewise smooth with a steep boundary (gradient) separating depolarized and repolarized regions. We present a variational TV-prior instead of a common discrete TV-prior for improved robustness to mesh resolution, and solve the TV-minimization by a sequence of weighted, first-order L2-norm minimization. In a large set of phantom experiments, the proposed method is shown to outperform existing quadratic methods in preserving the steep gradient of action potential along the border of infarcts, as well as in capturing the disruption to the normal path of electrical wavefronts. Real-data experiments also further demonstrate the potential of the proposed method in revealing the location and shape of infarcts when quadratic methods fail to do so.
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I. INTRODUCTION

H
EART disease is one of the leading causes of death worldwide since the 1970s [1] . Because the heart is an electromechanically coupled organ, its efficient contraction must be preceded by coordinated and steady electrical excitation spreading three-dimensionally throughout the myocardium. Disruptions to this electrical propagation can directly predispose the heart to mechanical catastrophe and lead to sudden cardiac death. However, while methods for noninvasive imaging and analysis of 3-D structure [2] , kinetics [3] , and mechanics [4] of an individual's heart have substantially improved in recent years, methods for assessing the electrophysiological (EP) aspects have not. In practice, common observations of cardiac electrical activity are voltage data either sensed on the body-surface as noninvasive electrocardiograms (ECG) or mapped on the heart surface by catheters introduced into the cavity in an invasive manner. Other limitations aside (e.g., the complexity and cost of an invasive procedure), both types of data only provide a surface surrogate for intramural electrical activity that occurs deep beneath the surface of the heart [5] . This lack of information has not only limited our understanding of electrical and electromechanical mechanism of many heart diseases, but also prevented the development of diagnostic and therapeutic tools to their full potential.
The critical gap in experimental methods has motivated many computational methods for noninvasive EP imaging that, analogous to tomographic imaging, solve an inverse problem to quantitatively reconstruct transmural action potential from body-surface voltage data. The forward relationship between the current source in the heart and the bioelectric field (most commonly measured in the body surface by ECG) is governed by the quasi-static equation of electromagnetism theory [6] . Unfortunately, this inverse problem is plagued by two types of ill-posedness: 1) the mathematical ill-posedness caused by the limited number of measurements, i.e., the dimension of measurements is typically much smaller than the dimension of unknown variables; and 2) the physical ill-posedness decided by the Helmholtz's equivalent double-layer principle of electromagnetic field, i.e., an infinite number of intramural solutions fit the same electrical field on the surface [6] .
In exchange for a unique solution, a common assumption in existing approaches to electrophysiological imaging restricts the solutions to the surface of the heart, represented by the reconstruction of epicardial potential [7] , [8] and the reconstruction of activation/recovery time on both the epicardium and endocardium [9] , [10] . Various regularization methods have been applied to reduce the mathematical ill-posedness of electrophysiological inverse problem. For instance, the commonly used Tikhonov regularization (zero-order, first-order, second-order) [11] , truncated-SVD [12] , [13] , and state-space filtering framework (Kalman filter) [14] have been used to reconstruct the heart surface potential with minimum overall energy while producing body-surface potential field consistent with the measure- ments. Although these regularization methods lead to an efficient linear inverse operator, the solutions are often smooth. Recently, L1-norm-based regularization was proposed to improve the resolution of the reconstructed heart surface potential [15] , [16] .
Over the past decades, transition to intramural EP imaging has been limited due to the challenge of nonunique solutions associated with the intramural solution. Existing approaches can be generally divided into two classes. One is to directly regularize the intramural EP reconstruction with a different order of smoothness constraints imposed on the spatial and/or temporal properties of the solution [17] - [19] . As the solution space increases and the physically-induced nonuniqueness appears with a transmural solution, additional constraints may be needed in order to guarantee unique, meaningful solutions for these approaches. Alternatively, a 3-D computational model of wholeheart excitation can be introduced to guide the inverse problem either in a deterministic optimization [20] or statistical inference [5] . While allowing the inclusion of additional prior knowledge about the electrophysiology and biophysics of the heart, these approaches may be subject to the influence of these a priori physiological assumptions when they differ substantially from real individual conditions. The proposed work is based on the fundamental hypothesis that, while L2-based quadratic regularization is suitable for alleviating the mathematical ill-posedness of the problem caused by limited data, L1-based sparse regularization is further needed for resolving the nonuniqueness of the solution. In particular, we propose to view the transmural action potential as a time-varying 3-D image. As illustrated in Fig. 1 , the edge of this image [i.e., spatial gradient ] is always localized and steep in space. During the depolarization and repolarization, it represents the steep wavefront between active and resting regions [ Fig. 1(a) ], revealing alterations in the normal electrical excitation in diseased hearts. Between the two phases (the ST and UP segment of an ECG cycle), is expected to be close to zero everywhere in a normal heart, and an appearance of high gradient would indicate underlying pathology, such as the border of a region of ischemic tissue [ Fig. 1(b) ]. Thus, it is important to preserve the unique spatial feature of during the reconstruction of , and this can be accomplished by total-variation (TV) minimization, which promotes a solution with sharp boundaries/gradients between piecewise smooth regions [21] .
Since its original development, TV-minimization has been applied to preserve the sharp edge of an image in a variety of image-processing and computer-vision applications such as image de-noising [22] , blind de-convolution [23] , and inpainting [24] . Most of these existing applications deal exclusively with regular grids of pixels or voxels and, correspondingly, the discrete TV prior is commonly defined as the L1-norm of the gradient field of the grid. In comparison, the biophysical application targeted in this paper involves a complex volumetric mesh of heart geometry, which is discretized with an unstructured grid. It therefore faces the following unique challenges: 1) the commonly used discrete definition of TV-prior-based on the gradient field of the discrete mesh-is highly affected by the resolution of the discrete mesh; and 2) the gradient of the discrete mesh-given its complex shape and unstructured node distribution-is much more difficult and error-prone to calculate than that of a digital image.
In this paper we propose a novel adaptation of the spatial TV-prior into transmural EP imaging that will overcome the challenge associated with TV-minimization on a complex, unstructured mesh. First, to ensure the accuracy of TV calculation on an irregular cardiac mesh and to improve its robustness to the resolution of this discrete mesh, we introduce a variational TV-prior to approximate the continuous TV-prior by a numerical integration. Second, adapting the concept from iteratively reweighted least-square approximation of L1-minimization [25] , an iterative algorithm is developed to solve the TV-minimization by a sequence of weighted, first-order L2-minimizations where the weight changes in each iteration. Finally, we consider the combination of the TV-prior with a L2-based (minimum-square-error in data fitting) and a L1-based data-fidelity terms (minimum-absolute-error in data fitting) and compare their performance in terms of robustness to measurement noises and computational cost. In the complete form of the algorithm, a simple quadratic regularization is first used to overcome the mathematical ill-posedness of the reconstruction problem and to initialize the proposed TV-minimization. The proposed iteratively reweighted method then prunes the initially diffused solution and overcomes the challenge of physically-induced nonunique solutions.
Evaluation of the presented method is carried out in two different application settings. Primarily, to systematically evaluate the potential of the presented method in detecting and preserving the steep gradient of action potential distributed along the border of an ischemic or infarcted region (during the ST-segment of an ECG cycle), a large set of phantom and real-data experiments is conducted. The former are simulated on four realistic heart-torso structures considering myocardial infarcted/ischemic regions of different locations and sizes within the left-ventricular (LV) wall. First, a comparison study involving 137 phantom experiments is done between the presented TV-minimization method and existing quadratic methods in intramural electrical reconstruction [18] , [26] . The results show that the presented method delivers significantly higher accuracy ( -test) over quadratic approaches in localizing action potential gradient along ischemic regions. Second, a set of 60 experiments is carried out to show the higher accuracy, robustness, and computational efficiency of the proposed variational TV-prior in TV-minimization in comparison to a discrete TV-prior that is commonly used in image processing. Finally, a comparison study between L2-based and L1-based data-fidelity terms is conducted on 90 phantom experiments with six different levels of noises, showing that the use of an L1-based data fidelity is more robust and of faster convergence in the presence of high noise levels, while the L2-based data fidelity delivers higher accuracy at the presence of low to moderate measurement noises. Real-data experiments on two post-infarction patients further verify the potential of the proposed method in detecting the abnormally steep gradient along the infarct border. This ability to reveal the shape of the infarct is important for guiding interventional therapies such as catheter ablation [27] .
In addition, initial phantom studies also are carried out to demonstrate the ability of the presented method in reconstructing and preserving the dynamic structure of excitation wavefronts during both normal and pathological conditions. It also is shown to outperform existing quadratic methods in preserving the structure of narrow wavefronts and in capturing the change of these wavefronts caused by the existence of infarct tissue. While TV-minimization has been adopted in recent works for improving the resolution of epicardium potential reconstruction [15] , [16] , the important difference and novelty here are that we are aiming at intramural reconstruction. The use of TV-minimization is not only motivated by the improvement of reconstruction resolution but, more importantly, is tied to the intrinsic spatial property of intramural action potential and the clinical significance of its gradient region (i.e., narrow wavefront, or abnormal value along ischemic/infarcted region).
II. FORWARD PROBLEM OF ELECTROCARDIOGRAPHY
Cardiac electrical excitation produces time-varying voltage signals on the body surface; their generation can be described using quasi-static approximation of the electromagnetic theory. Within the myocardium volume , the bidomain theory [28] defines the distribution of the extracellular potential as a result of the gradients of action potential , which is given (1) where stands for the spatial coordinate, and are the effective intracellular and extracellular conductivity tensors, and is bulk conductivity tensor. In the region bounded between heart surface and the body surface, potentials are calculated assuming that no other active electrical source exists within the torso as (2) where is the torso conductivity tensor and the entire thorax except . Within the myocardium equation (1) applied, because the anisotropic ratio of is a magnitude smaller than that of [28] , we only retain the anisotropy of to reduce model complexity; therefore, and become scalars and . In the torso volume external to the heart equation (2), we assume homogeneous and isotropic conduction because it has been shown that torso conductivity modulates only the magnitude but not the pattern of body-surface signal [29] . Based on these assumptions, the forward relationship between cardiac action potential and body-surface voltage data can be described in the following Poisson equation within the heart and Laplace equation external to the heart (3) (4) In this study, (3) and (4) are solved with the coupled meshfree and boundary element methods [29] , [30] . The value of anisotropic intracellular conductivity tensor , bulk conductivity , and torso conductivity are adopted from [31] . This gives us a biophysical model on a subject-specific heart-torso model derived from tomographic images (5) where the transfer matrix is specific to each individual's torso anatomy and is typically considered time-invariant as the motion induced by heart contraction and relaxation process is disregarded. The condition number of was shown to be typically at the order of [5] .
III. TOTAL-VARIATION REGULARIZATION FOR TRANSMURAL ELECTROPHYSIOLOGICAL IMAGING
We propose to incorporate the TV-prior into the reconstruction of transmural action potential; at this stage, we exclude the temporal factor and focus on the reconstruction with a spatial TV-prior at separate time instants. Therefore, the estimation of transmural action potential from body-surface potential data can be formulated as (6) where indicates L1 norm or L2 norm of data-fidelity term.
denotes the total-variation of . For a continuous signal , its total-variation is defined as [22] (7)
The first challenge comes from defining a proper discretization of that is close to its continuous definition in (7) regardless of the resolution of the unstructured volumetric mesh of the heart [ Fig. 2(b) ]. 
A. Variational TV-Prior
In most image-processing applications, a discrete version of is calculated as the L1-norm of the discrete gradient field of (8) where represents the total number of discrete points (usually pixels of an image).
With this definition, it is not possible to formulate an explicit gradient operator for the entire discrete field without separately employing directional gradient operator. One popular method is based on anisotropic separable approximation [32] (9)
where horizontal-, vertical-, and depth-discrete derivative operators are denoted by , and , respectively. Such approximation sacrifices accuracy for the simplicity of numerical maneuver and, more importantly, will introduce large matrix computation and storage during the optimization process as we will show in Section III-B. Individual elements in , while straightforward to calculate in digital images because of the regular grid of pixels, are not trivial to calculate accurately when the nodes of the discrete mesh of are distributed irregularly in space. Furthermore, this definition can differ substantially from the TV of the underlying continuous field in (7), depending on the resolution of .
Therefore, we define an alternative approximation of the continuous form of TV as (10) where a numerical integration is performed over the 3-D myocardial field by (at the order of ) Gaussian quadrature points. Depending on the discretization method used (such as the finite element method or meshfree method [33] used in our study [29] , [30] ), on each Gauss point is approximated by a linear combination of its neighboring nodal points in the discrete field based on the spatial gradient of the shape function . Because each Gauss point has only a small set of support nodal points, and are sparse with a small number of nonzero values. This definition of does not directly rely on the discrete mesh of ; hence it is robust to the spatial resolution of . Furthermore, it is also consistent with the data-fidelity term in (6) , where the biophysical model is also calculated from numerical approximations of integrals involved in the quasi-static Maxwell equations.
B. Iteratively Reweighted Minimization of TV (IRTV)
Once the L1-norm is applied to the constraint term, the corresponding term is difficult to be solve directly. In this study, we adopt the concept of iteratively re-weighted (IR) to handle this challenge. The general idea of IR is based on the following iterative approximation of each element in vector at iterate [25] ( 11) namely, the L1-norm of is approximated by the L2-norm of a weighted-, where the weight is the square root value of the obtained at the previous iteration. Because the value of from the previous iteration is known, the L1 regularization problem can be approximated by a sequence of weighted L2 regularization with the weight changing at each iteration depending on the solution from the previous iteration. Adopting the concept of IR, we can approximate the continuous form of TV as a sequence of L2-norm of weighted , each weight being the square root of at the previous th iteration, i.e., (12) Coupling this with our proposed variational approximation of TV using (10), (12) can be approximated again by variational approximation in weighted L2 form (13) where (14) In other words, at each iteration the proposed variational TV-prior is approximated by a weighted L2-norm of , with the weight matrix defined as above. It is important to note that, once a discrete mesh of the heart is constructed with Gaussian quadrature points established, shape functions used for calculating remain fixed and the only change in at each iteration comes from . Therefore, at each iteration, computation of the weight matrix involves only weighting pre-stored sparse matrices-one for each Gauss point-by a scalar and adding them together. For the sake of comparison, applying IR concept to (9), the L1-norm of the gradient field can also be approximated by weighted L2-norm. The weight matrix is assembled from [25] ( 15) where the dimension of matrix is and the dimension of is . It is evident that, by using the discrete TV form as defined in (9), the IRTV will involve a much larger weight matrix that will substantially increase the computation of the iterative procedure. Comparison between these two approaches will be performed in phantom experiments [Section IV-A (2)].
C. IRTV-L2 Versus IRTV-L1
With the proper TV approximation determined, the next task is to determine the norm of the data-fidelity term in (6) . Recent studies have shown that, when combined with an L1-norm regularization term, an L1-norm data fidelity shows higher robustness to measurement errors as well as faster convergence in comparison to an L2-based data-fidelity norm [8] . Recently renewed interest in sparse reconstruction also showed that L1-based error term is more suitable for handling outlines or salt-and-pepper-like errors where most of the measurements are correct with large errors in only a few locations [15] . In this study we will consider both IRTV-L2 and IRTV-L1 approaches in order to obtain a better understanding of their differences.
IRTV-L2: First, we consider a common least-square data-fidelity term (setting in (6) equal to 2). Based on the expanded IR concept in (13), the IRTV-L2 minimization can be solved by a set of weighted L2-minimizations (16) (17) where is the regularization parameter used at iteration . is slightly modified from in (14) so that a small positive value is introduced to reduce numerical errors when at the th Gauss point is close to zero.
In this way, by iteratively solving the L2 regularization, the local region with a small spatial gradient (being in the denominator) will generate a large penalty in the current iteration, while a large gradient will be promoted until the final solution exhibits a piecewise smooth pattern with steep gradient. The convergency of the solution of IR to the minimum of the original objective function was previously proved in [25] .
IRTV-L1: Second, we consider the alternative of a L1-norm data-fidelity term (setting in (6) equal to 1). The concept of IR can be extended to this IRTV-L1 model by replacing the L1-norm data-fidelity term with a sequence of weighted L2-norm with the weight matrix at each iteration defined by . Again, this IRTV-L1 problem can be solved as a sequence of weighted L2-minimizations (18) (19) For both IRTV-L2 and IRTV-L1, matrix inversion is calculated by Conjugate Gradient method in this study.
D. Algorithm Summary
To put together the whole picture, we need to resolve two further issues.
Initialization: The proposed TV method has to be initialized by a method that is able to overcome the mathematical illposedness using smoothness constraints. Here, the zeroth-order Tikhonov regularization is used for the initial solution of . Regularization Parameter: For the initialization that uses Tikhonov regularization, is calculated by the L-curve method [34] . After initialization, the iteration as described above (17) and (18) repeats until the convergence criterion, i.e., the difference between two successive gradients of solutions is smaller than a predefined tolerance. Unfortunately, there is currently no established method for objectively determining regularization parameter in L1-based problems, and most reports rely on an empirical and supervised procedure to select an optimal value of after a large set of experiments [35] , [36] . In the proposed IRTV method, because the regularization term in the objective function changes in each iteration (as the weight of the L2-norm penalty changes), a less supervised approach for the selection of is needed for a robust algorithm. Here, we adopt the method proposed in [37] to automatically update the magnitude of at each iteration based on the infinity norm of the matrices involved in the data-fidelity and the regularization terms (see Algorithm 1 for the expression of ). A complete summary of the algorithm for both the IRTV-L2 and IRTV-L1 is provided in Algorithm 1.
IV. PHANTOM EXPERIMENTS
First, we evaluate the proposed method through phantom experiments conducted on four realistic human heart and torso models derived from axial 0.8-3.0 mm CT scans. Fig. 2(a) and  (b) give one example where the homogeneous torso model is represented with boundary-element mesh and the 3-D ventricular model is represented with meshfree nodes [29] , [30] . We focus on the ability of the proposed reconstruction method to: 1) outline the steep gradient of action potential along the border of the infarcted or ischemic region that separates the region of necrotic/inactive and healthy/active tissue during the ST-segment of an ECG cycle, and 2) reconstruct the excitation wavefront in both normal and diseased hearts so as to reveal the underlying block (disease substrate) to the conduction path.
The accuracy of the proposed method is measured in two ways. Firstly, we define a consistency metric (CoM) to measure the accuracy of the region of detected steep gradients (10) by calculating the percentage of true positives in the sum of true positives, false positives, and true negatives (20) where represents the region of steep gradients (in terms of the number of meshfree nodes) in the reconstructed action potentials and is the region of steep gradients in the ground truth setting. In the current study, the region of steep gradients is outlined using a threshold value determined by , where represents the mean of steep gradients of action potential and is standard deviation of steep gradients. Secondly, we also quantity the correlation coefficient (CC) between the true and reconstructed action potential (21) where the subscript " " refers to the ground truth, " " refers to the reconstructed action potential, and the bar " " refers to the mean value.
A. Reconstruction Along Infarct Border
As explained in Section I, during the ST segment of an ECG cycle, the myocardium of healthy ventricles should all be depolarized and remaining at the plateau phase of an action potential cycle. Therefore, a minimal spatial gradient of action potential is expected. In the heart with myocardial infarction, however, the voltage difference between the region of depolarized healthy tissue and necrotic tissue produces a steep gradient bordering the 3-D region of infarct. Because the heterogeneity and morphology of infarct border zone has been recognized as one main substrate for lethal ventricular arrhythmias [27] , the ability to preserve this gradient in the noninvasive reconstruction of action potential has the potential to help the pre-planning of in- terventional therapies such as catheter ablation of ventricular tachycardia.
In this set of phantom experiments, action potential during the ST-segment are set at 0 for the infarct core and 1 for the health region. Body-surface ECGs are simulated and Gaussian white noise with a signal-noise ratio (SNR) based on the signal energy, i.e., zero-mean Gaussian noise with a standard deviation calculated from SNR, is added as inputs for transmural reconstruction of action potential. Three groups of comparison studies are performed. 1) IRTV versus existing quadratic (L2) regularization-based methods for transmural EP reconstruction, including the first-order [18] and zeroth-order [26] Tikhonov regularization. 2) Variational TV-prior equation (13) versus discrete TV-prior equation (15) [25] as described in Section III-A. 3) IRTV-L1 versus IRTV-L2 as described in Section III-C.
1) IRTV Versus Existing Quadratic-Regularization:
In this set of phantom experiments, 370-lead body-surface ECG are simulated and corrupted with 20-dB white Gaussian noise as inputs. We consider infarcts of different sizes and locations according to 17-segment model of LV [ Fig. 2(c) ] defined by the American Heart Association (AHA) [38] . In total, we consider 137 cases of infarcts of different locations and with sizes ranging from 0.5% to 50% of LV. On average the IRTV takes 26 iterations to converge. Fig. 3 shows two examples of ground truths where the steep spatial gradients of action potential are distributed along the border of infarcts located, respectively, at anterior (segment 13) and apical (segment 17) regions of the LV with 3158 meshfree nodes. This spatial structure of the steep gradient is well preserved in action potential reconstructed by the presented IRTV-L2
method. In comparison, gradient of the action potential reconstructed by the zeroth-order quadratic method is diffused and does not reveal the location or the shape of the underlying infarcts. The first-order quadratic regularization shows improved accuracy over its zeroth-order counterpart but the reconstructed gradient is still blurred and loses the structure/topology of the infarct border. Fig. 4 shows the COM and CC for results obtained on all 137 cases by the three methods, where nonparametric Wilcoxon rank test of CoM shows that the accuracy of IRTV in outlining the steep action potential gradients is significantly higher than that of the other two methods based on quadratic regularization. Table I lists the COM and CC of all results with respect to the location and size of the infarct. Wilcoxon rank tests and one-way ANOVA tests are used to compare how the results from IRTV differ, respectively, between all size groups and all location groups, except that of apical infarct due to the small sample size. As shown, it is more difficult to correctly capture the gradient of action potentials using IRTV when the infarct is located at the septal region of the LV (CoM:
; CC:
) compared to the anterior region (CoM: ; CC:
), or inferior region (CoM: ; CC:
), or lateral region (CoM:
; CC: ) of the LV (" " interval represents the standard deviation). This is to be expected, because the septum is most hidden from body-surface observations and is consistent with some of our earlier observation in foci localization [39] . In comparison, there is no significant difference in the accuracy of IRTV (ANOVA ) in outlining the gradient along infarcts of different sizes.
2) Variational TV-Prior Versus Discrete TV-Prior:
The chief motivation for the variational TV-prior, compared with L1-norm of discrete gradient field, is to 1) maintain robustness to different resolutions of the cardiac mesh, 2) reduce the computation cost of the regularization algorithm, and 3) simplify the calculation on an irregular mesh of heart. Here, we conduct a set of 72 studies to compare the performance of IRTV-L2 using the proposed variational definition in (13) versus traditional discrete definition of TV in (15) . More specifically, the discrete gradient operator in discrete TV-form using (15) is constructed from the meshfree method. During the IR algorithm, the difference between these two TV definitions is exhibited as the way the re-weighting matrix is calculated in each iteration:
as defined in (14) for variational TV, versus in (15) for discrete TV. Fig. 5(a) and (b) shows the accuracy (consistency metric and correlation coefficient) of discrete TV and variational TV in preserving the steep gradient under different mesh resolutions (3-6 mm). As shown, variational TV delivers a more consistent accuracy among different resolutions than discrete TV, demonstrating a higher robustness to mesh resolutions as hypothesized. Similar observation is made in a recent study on quadratic regularization [40] , where the optimal regularization parameter to balance between the data residual error and the regularization term is observed to vary less substantially when the regularization term is defined in a variational rather than discrete prior. Because the regularization parameter is automatically updated in our algorithm (see Algorithm 1), this type of phenomenon is not observed in our study. Fig. 5(c) shows the averaged computation cost per iteration for minimizing (6) using variational TV-prior and discrete TV-prior under different mesh resolutions (total number of iterations on average are similar). The computation time is reported using MATLAB with 2.66-GHz Intel Core 2 Duo. As the mesh resolution increases, the discrete TV shows a substantially increasing demand in computation time as the dimension of the directional gradient operator D in (15) increases . In comparison, the computation cost of variational TV remains stable, marginally affected by the mesh resolution and substantially lower than that of discrete TV for a dense mesh.
3) IRTV-L2 Versus IRTV-L1:
The comparison study between IRTV-L2 and IRTV-L1 is conducted with different levels of white Gaussian noises (6 dB, 10 dB, 15 dB, 20 dB, 25 dB, and 30 dB) added to the simulated 370-lead body-surface ECG as the input to reconstruct the 3-D action potential. We test 15 cases of infarct for each noise level and a total of 90 cases for each method. Fig. 6 (a) and (b) shows the accuracy of IRTV-L1 and IRTV-L2 in preserving the steep gradient of reconstructed action potential under different noise levels. As shown, IRTV-L1 is more robust to large measurement noises, while IRTV-L2 experiences a much faster deterioration of accuracy as the measurement noise increases. This result is consistent with other studies that compared L1-regularization with L2-versus L1-based data-fidelity term [15] , [16] , as would be expected because of the fundamental assumption behind a L1 data-fidelity term to handle measurement errors that are mostly small but occasionally large in space. For similar reasons, we expect that IRTV-L2 would deliver higher accuracy in the presence of low to moderate noises, as shown in our experimental results [ Fig. 6(a) and (b) ]. As an example, Fig. 7 compares the results of IRTV-L2 and IRTV-L1 in reconstructing the spatial distribution of action potential (a) and preserving its steep spatial gradient (b) along the border of an infarct located at anterior LV (segment 7, size 6.8%). With 25 dB measurement noise, the spatial structure of the steep gradient is well preserved by both IRTV-L2 and IRTV-L1, although IRTV-L2 shows a higher consistency with the ground truth (a sharper transition from necrotic to healthy tissue). When noise level is increased (e.g., 10 dB), the performance of IRTV-L2 drastically decreased while IRTV-L1 is still able to preserve the structure of the infarct border with reasonable accuracy. Fig. 6(c) shows the averaged convergence speed (in terms of the number of iterations taken to convergence) of the two methods at different noise levels. As shown, IRTV-L1 takes a similar number of iterations to converge in the presence of different measurement noises, while IRTV-L2 takes much longer to converge as the noise level increases. As a result, with moderate-to-high level of measurement noise, IRTV-L1 shows faster convergence than IRTV-L2. Nevertheless, under the same computing environment, IRTV-L1 engages slightly more computation time (12.07 s) per iteration compared to IRTV-L2 (11.03 s). This is because, as shown in Algorithm 1 and Section III-C, IRTV-L1 involves two weight matrices in computation while IRTV-L2 has only one.
Given knowledge of measurement conditions, this set of experiments provides useful guidance on whether to use IRTV-L2 or IRTV-L1, given knowledge of measurement conditions. In the presence of low to moderate measurement noise, IRTV-L2 is preferred because of its higher accuracy and similar computation in comparison to IRTV-L1. In the presence of noisy measurements with high noise, IRTV-L1 should be used be- cause of its robustness to measurement noise in both accuracy and computation time. In the rest of the phantom experiments (Section IV-C), we present results of IRTV-L2 with variational TV definition in comparison to quadratic regularization based methods.
B. Reconstruction Along Ischemic Regions
Myocardial ischemia is characterized by reduced blood supply to the heart muscle [41] . It is a precursor to myocardial infarction studied in Section IV-A. Physiologically, during induced ischemia such as the exercise test commonly used in clinical practice [42] , the spatial pattern of action potential is similar to that of myocardial infarction: during the ST-segment of an ECG cycle, a localized gradient of action potential would be expected along the ischemic region. However, the magnitude of the gradient of action potential is expected to be smaller than that along an infarcted region as: [19] , [43] (22) and (23) where and are, respectively, time instants during the plateau and resting state of the transmembrane action potential.
We carry out a set of initial studies to test the potential of IRTV in revealing the location of ischemic regions in the heart despite the lower value of gradient compared to that of an infarct. The location and extent of ischemic region are set in a similar manner to those of infarct as described above. The distribution of action potential values around the ischemic region is based on (22) This set of initial experiments shows the potential of IRTV-L2 to noninvasively detect the existence, location, and shape of ischemic region using only body-surface ECG data. With further investigations, IRTV-L2 has the potential to contribute to the unresolved issues of ischemia detection and diagnosis such as the low sensitivity and inability to locate ischemic lesions using the traditional 12-lead exercise testing [19] .
C. Activation/Repolarization Wavefronts
We continue to extend IRTV to the reconstruction of action potential and its spatial gradient (localized excitation wavefront) during myocardial depolarization and repolarization, with a particular focus on its ability to capture disruption to electrical excitation wavefronts due to underlying conduction obstacles such as infarcted myocardial tissue. In this set of experiments, transmural propagation of ventricular action potential is simulated on 1230 meshfree nodes with the two-variable Aliev-Panfilov model [5] that has been widely used for forward simulations [5] as follows: (24) where stands for recovery current and the matrix is diffusion tensor and relies on the 3-D myocardial structure and its conductive anisotropy. is considered anisotropic in this study, and its parameter values are adopted from [44] . Parameters , and determine individual action potential shape, where represents tissue excitability of the myocardium. Here parameter is set to be 0.5 for infarcts and 0.15 for healthy tissue [5] . Time sequences of 370-lead ECGs are simulated and corrupted with 20 dB white Gaussian noise. Selected time frames during activation or repolarization are used for IRTV reconstructions. 9 . Examples of action potential mapping to show the change of propagation wavefronts in normal heart and infarct heart during depolarization. Left to right: 15, 22.5, 27.5, and 32.5 ms after the onset of ventricular activation. Border of an infarct region is outlined in purple.
Depolarization: Fig. 9 shows a sequence of snapshots of transmural action potential depolarization in a normal heart when the excitation propagates from the RV to LV and in comparison to the snapshots at the same time intervals on the same ventricles but with an infarct localized at the midbasal anterior region of the LV (labeled by purple line, size 8.5%). It is evident that the infarct works as a structural obstacle and reroutes the excitation of spatial action potential. The proposed IRTV-L2 captures the excitation wavefront in both normal and disrupted excitation, successfully revealing the underlying infarct that alters the excitation sequence. In comparison, the zeroth-order quadratic regularization fails to distinguish the depolarized region from the resting region in both cases. The first-order quadratic regularization partially captures the wavefront but not correctly on the endocardium; in particular, the excitation wavefront (spatial gradient of reconstructed action potential) appears to be much more diffused compared to IRTV results and the ground truth, and it fails to accurately capture the disruption to the wavefront caused by the infarct. Repolarization: Fig. 10 shows a sequence of repolarization snapshots of the same normal and infarcted hearts where the infarct both disrupts the repolarization sequence and changes the action potential distribution along the infarct border in a way similar to that examined in previous sections. Again, the IRTV method is able to capture both the normal and disrupted action potential distribution, especially its spatial gradient that reveals the characteristics of the underlying infarct. In comparison, the other two quadratic-regularization methods fail to reveal the abnormal repolarization sequence related to the location or structure of the infarct. to this study by the 2007 PhysioNet/Computers in Cardiology Challenges [45] . Short-axis (SA) cardiac MRI of each patient contains ten slices from apex to base of the ventricles, with 8-mm inter-slice spacing and 1.33 mm/pixel in-plane resolution.
Body-surface ECG were recorded by the Dalhousie University protocol [46] , [47] at 120 pre-specified torso positions plus three limb leads; each body-surface ECG recording [ Fig. 12(a) ] consists of a single QRST complex averaged from 15 s recordings sampled at 2 kHz. For each patient, a late gadolinium-enhanced (LGE) MRI was obtained for delineating the region of infarct. Because measurement data on cardiac electrical excitation is not available, here we focus on the performance of IRTV in reconstructing the action potential and its spatial gradient along the infarct border during the ST-segment of an ECG cycle.
Ventricular models for both patients were built from their MRI as described in [30] . A homogenous torso model of each patient was obtained by deforming the standard Dalhousie torso model given by the 2007 PhysioNet/Computers in Cardiology Challenges to limited whole-body MR scans of each patient via host mesh customization method [5] . From each patient's body-surface mapping data, we select a time frame within the ST interval (for ventricular electrical activity) as input. Fig. 12 illustrates an ECG cycle and the selected input body-surface potential map at 573 ms for case 1. Gold standards of infarct quantification were obtained from LGE MRI by cardiologists blinded to this study. Unlike phantom experiments, the gold standards and existing results quantify the location and size of the infarct according to the standard AHA 17-segment model of LV, revealing core regions of the infarct as labelled by the red cycle in Figs. 13 and 14 and Table II . In order to compare with the gold standard, we also quantify the infarct region according to AHA 17-segment using segment overlap (SO) that measures the percentage of correctly identified segments [5] , , where refers to the segments of reconstruction and refers to the segments defined in ground truth.
The patient of case 1 has a single infarct with its core located at middle septal-inferior LV (segment 9 and segment 10). As shown in Fig. 13 , spatial distribution of action potential reconstructed by IRTV-L2 exhibits a steep gradient that is localized and distributed along the MRI-delineated infarct core. A similar result is found with IRTV-L1. In comparison, the action potentials reconstructed from either of the other two quadratic methods do not provide any physiologically meaningful information regarding the existence, location, or structure of the infarct.
The patient of case 2 has two separated regions of infarct (Fig. 14) , one at basal-anterior LV (segment 1) and the other at apical-inferior LV (segment 15). Previous attempts to resolve these two separate infarct regions have failed [5] , [48] - [50] . As shown in Fig. 14 , spatial gradients of action potential reconstructed by IRTV-L2 are correctly localized around both infarcts, revealing the location and extent of both infarct cores. IRTV-L1, in comparison, partially misses the localization of one infarcted region. Perhaps this is because that the 120-lead data did not have high measurement noise and thus the assumption behind IRTV-L1 does not hold as shown in Section IV-A3. The zeroth-order quadratic method only reveals certain information in the inferior ventricular wall (right) without revealing any physiologically meaningful structure along the infarct, and it loses all the information in the anterior wall (left). First-order quadratic method fails to detect the infarct regions under all possible parameters using the cvx software mentioned in [18] , [51] . These observations in real-data study are consistent with the findings in our phantom experiments. Table II lists quantification comparison with the gold standard. As shown, the ischemic centers are correctly identified in both patients and the accuracy is comparable to the best result available [5] , [49] , [50] . In particular, in case 2 our method shows much higher accuracy in localizing the two separated ischemic regions with segment overlap %, while the best available SO reported in the literature was 33.33. 
A. Initialization
The use of sparsity-based TV-minimization in the proposed method of IRTV focuses on overcoming the physical ill-posedness of this problem. Therefore, a proper initialization is needed to first overcome the mathematical ill-possedness, based on the best available low-resolution estimate of the sparse solution.
In the current study, we use a simple zeroth-order Tikhonov regularization as initialization for IRTV. Our experiments show that smoothness-enforcing regularization methods (such as different orders of Tikhonov regularization) are in general suitable choices for IRTV initialization. For example, Fig. 15 shows a randomly selected data set of 28 quantitative analysis of IRTV results based on two different initialization methods: 0-order Tikhonov regularization versus weighted minimum norm [17] . The Wilcoxon rank test shows that the accuracies of IRTV have no significant difference when initialized by these two different methods. From our experience and experimental studies, we conclude that the final results of IRTV will not be significantly affected as long as the initialization methods satisfy the following requirements: 1) the results should be "blurred" with the smoothness assumption that overcomes the mathematical ill-posedness; 2) all the entries in the results should be nonzero so that potentially important components are not lost before being pruned by the sparsity-enforcing IRTV.
B. Parameter Selection
One of the critical factors in the proposed IRTV is the regularization parameter , an improper high or low value of which will lead to a neglect of either the data fidelity or the TV-prior during the optimization. Unlike the quadratic regularization where it is established that the value of could be determined by methods such as L-curve, there is not yet any established method for objective and optimal selection of a regularization parameter for L1-norm regularization. Consequently, most existing methods rely on an empirical procedure through a substantial amount of supervision to select an suboptimal value of after a large set of experiments [35] , [36] . This trial-and-error procedure is not suitable for the proposed iterative reweighted methods because the optimal regularization parameter is expected to change at each iteration due to the change of the weight in the prior weighted L2-norm. Therefore, we adopt a more robust and objective method that sets the magnitude of based on the infinity norm of the data-fidelity and TV terms to roughly balance their relative importance in the regularization. This parameter selection method also can reduce the method's sensitivity to the value of the regularization parameter , which makes IRTV more stable.
The other parameter in (17) is a control parameter to avoid numerical difficulty as approaches 0 in the denominator of (17) . The common practice is to set a smaller value of for .
C. Infarction or Ischemia Setting
Physiologically, during the plateau and resting state, the value of transmembrane action potential in the healthy versus ischemic tissue can be expressed in (22) , (23) . This setting has been commonly used in existing simulation studies on the detection of ischemic or infarcted regions [19] . Here we tested the proposed IRTV in ischemic/infarction detection based on this physiological setting versus the simplified setting where the action potential value is normalized within 0-1 from the physiological range of a -20 mV. Fig. 16 shows the results of IRTV on these two settings from 25 randomly selected data sets. As shown, changing between these two experimental settings does not cause significant difference in the accuracy of the gradient of reconstructed action potential in terms of its consistency measure with ground truth. However, the simplified setting with a 0-1 instead of -20 range significantly reduces the computational time of IRTV (27 versus 89 iterations on average). Considering the slight influence on IRTV accuracy and the substantial difference of computation time between the two experimental settings, the large set of simulation studies in this paper is mostly conducted on the simplified setting without loss of physiological plausibility.
D. Effect of Geometrical Modeling Errors
In order to investigate the stability of the IRTV method, we perform a preliminary study to test how this method could be affected by small geometrical modeling errors reflected in H. We perturb the position and orientation of the heart model to add errors in the H matrix and use it for the inverse method. We test four different cases of infarcted hearts for each change, including two cases with the heart position moved into right direction with 1 mm distance and the other two cases with the heart orientation turned clockwise 5 . Fig. 17 shows the accuracy of the IRTV method under different modeling errors. As shown, the value of CoM and CC does not change significantly compared with the results where no geometrical errors are introduced. It seems that the IRTV method has potential to deal with moderate modeling errors. As the standard practice in the filed of EEG-based noninvasive EP imaging, H is considered time-invariant in our study to disregard cardiac deformation and motion. This assumption is expected to have little impact on electrical depolarization because of its short time span preceding the contraction of the heart muscle. However, it will affect the reconstruction during electrical repolarization phase, and future work will investigate the possibility to combine cardiac motion into noninvasive EP imaging. Additionally, in the current study we investigate the influence of the resolution of meshfree points on the proposed method. In the future, we will investigate the influences from not only the number but the distribution of meshfree points.
VII. CONCLUSION
This paper presents a novel approach to transmural electrophysiological imaging based on the introduction of spatial TV-prior. This approach is physiologically motivated by the unique spatial property of transmural action potential that is piecewise smooth with sharp boundaries in between. It is also closely tied to the boundary separating ischemic and nonischemic regions, which is one of the most important regions in the genesis of lethal arrhythmia. Through a large set of simulation studies as well as two initial clinical studies on post-infarction human subjects, we demonstrate the superiority of the proposed method over existing quadratic methods in revealing the location and shape of the underlying substrates for cardiac arrhythmia. In this study, IRTV is carried out at each separate time interval without considering any temporal constraints on the electrical excitation; our initial experiments (Section IV-C) show that it is able to reflect the temporal trace of electrical excitation in this manner. Nevertheless, temporal trace of action potential also contains rich physiological information that should be incorporated into the inverse problem. The next immediate step of our future work is to integrate the spatial TV-prior with temporal knowledge of action potential dynamics [52] to improve the accuracy and temporal consistency of the proposed method.
